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σ -, Σσ - and Σ-embeddable spaces
Let Iτ be the Tychonoff cube of weight τ  ω with a ﬁxed point, σ τ and Στ be the
correspondent σ - and Σ-products in Iτ and σ τ ⊂ (Σσ τ = (σ τ )ω) ⊂ Στ . Then for any
n ∈ {0,1,2, . . .}, there exists a compactum Unτ ⊂ Iτ of dimension n such that for any
Z ⊂ Iτ of dimension  n, there exists a topological embedding of Z in Unτ that maps
the intersections of Z with σ τ , Σστ and Στ to the intersections Unτσ , U
nτ
Σσ and U
nτ
Σ
of Unτ with σ τ , Σστ and Στ , respectively; Unτσ , U
nτ
Σσ and U
nτ
Σ are n-dimensional and
Unτσ is σ -compact, U
nτ
Σσ is a Lindelöf Σ-space and U
nτ
Σ is a sequentially compact normal
Fréchet–Urysohn space. This theorem (on multistage universal spaces of given dimension
and weight) implies multistage extension theorems (in particular, theorems on Corson and
Eberlein compactiﬁcations) for Tychonoff spaces.
© 2009 Published by Elsevier B.V.
“Space”, “map”, “compactum”, “c-compactum”, “fo” will be used instead of “topological space”, “continuous mapping
between spaces”, “compact Hausdorff space”, “countably compact Hausdorff normal space”, “functionally open” respectively.
For a map f : X → Y and f X ⊂ B ⊂ Y , corB f is the corestriction of f to B . We shall use cor f instead of cor f X f .
Sometimes the symbol of the corestriction may be omitted (for example, g ◦ f |A may be written instead of g ◦ corB( f |A)
for maps f : X → Y , g : B → Z and A ⊂ X , f A ⊂ B ⊂ Y ).
The covering dimension dim of spaces is deﬁned by means ﬁnite fo covers. A space X is called n-dimensional for n =
0,1, . . . (respectively, ﬁnite-dimensional) if dim X  n (respectively, if dim X  n for some n = 0,1, . . .).
For a set A, A∗ (respectively, A∗0) consists of all ﬁnite non-empty (respectively, all ﬁnite) subsets of A. Note that for
A=⋃{Ai: i ∈N} with Ai ⊂Ai+1, i ∈N, the equality A∗ =⋃{A∗i : i ∈N} holds.
If Π is the Tychonoff product of spaces Xα , α ∈A, and B ⊂A, then ΠB and prB denote the face
∏{Xα: α ∈ B} of Π
and the projection of the product Π onto its face ΠB respectively. If B = {α}, then sometimes prα will be written instead
of prB . If C ⊂ B ⊂A, then prBC denotes the projection of the face ΠC onto the face ΠC of the product Π .
The symbol
⋃
d λ will be used for the union of a disjoint family of sets λ.
1. On subspaces of Tychonoff products of pointed spaces
A pointed space is a space X with a ﬁxed point 0x in it which often will be denoted by (X,0X ). If a space is the unite
segment I = [0,1] then always its ﬁxed point is 0. If we have the Tychonoff product (in particular, the topological product
of a ﬁnite system) of pointed spaces then always the ﬁxed point of the product is the point whose coordinates are the ﬁxed
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B.A. Pasynkov / Topology and its Applications 157 (2010) 730–744 731points of all factors. The n-cubes In and the Hilbert cube Iω (or Q ) are considered as the correspondent topological powers
of I .
Let Π be the Tychonoff product of spaces Xα with ﬁxed points 0a , a ∈A, |A|ω.
1.1. Σ-, σ - and Σσ -products of pointed spaces
For x = (xα)α∈A ∈ Π , let supp x = {α ∈ A: xα = 0}. We shall consider the following subspaces of Π : ΠΣ ≡
Σ{(Xα,0α): α ∈ A} = {x ∈ Π : | supp x|  ω}; Π∞ = Π \ ΠΣ ; Πσ ≡ σ {(Xα,0α): α ∈ A} = {x ∈ Π : | supp x| < ω};
Πσn ≡ σn{(Xα,0α): α ∈ A} = {x ∈ Π : | supp x|  n}, n ∈ {0,1, . . .}; (ΠΣσ for A = ⋃{Ai: i ∈ N}) ≡ Σσ {(Xα,0α): α ∈
A=⋃{Ai: i ∈N}} = {x = (xα)α∈A ∈ Π : |{α ∈Ai: xα = 0α}| < ω for any i ∈N}.
The spaces ΠΣ and Πσ are called, respectively, the Σ- and the σ -product (of the pointed spaces Xα , α ∈A); ΠΣσ will
be called the Σσ -product of these spaces (for A=⋃{Ai: i ∈N}).
The following assertion is evident.
Lemma Σσ . Let A=⋃{Ai: i ∈ N}, B1 = C1 =A1 and Bi =A1 ∪ · · · ∪Ai , Ci =Ai \Ai−1 , i = 2,3, . . . . Then the Σσ -products
of pointed spaces Xα for A =⋃{Ai: i ∈ N}, for A =⋃{Bi: i ∈ N} and for A =⋃{Ci: i ∈ N} coincide and they can be identiﬁed
with
∏{σ {(Xα,0α): α ∈ Ci}: i ∈N} ⊂∏{∏{(Xα,0α): α ∈ Ci}: i ∈N} ≡∏{(Xα,0α): α ∈A}. (Note that Bi ⊂ Bi+1 for i ∈N and
Ci ∩ C j = ∅ for i = j.)
For any Z ⊂ Π , we have the sets:
(
ZΣ (in Π)
)= Z ∩ ΠΣ ;
(
Z∞ (in Π)
)= Z ∩ Π∞ = Z \ ZΣ ;
(
Zσ (in Π)
)= Z ∩ Πσ ;
(
ZΣσ (in Π)
)= Z ∩ ΠΣσ
(
forA=
⋃
{Ai: i ∈N}
)
.
Let B ⊂A. Then
ΠB ∩ ΠΣ = (ΠB)Σ, ΠB ∩ Π∞ = (ΠB)∞, ΠB ∩ Πσ = (ΠB)σ .
Let, additionally, A=⋃{Ai: i ∈N} and Bi = B ∩Ai . Then
ΠB ∩
(
ΠΣσ forA=
⋃
{Ai: i ∈N}
)
= (ΠB)Σσ for B =
⋃
{Bi: i ∈N}.
For any Z ⊂ Π , we have the following evident relations (using the previous notation and conditions):
(1) prB(ZΣ (in Π)) ⊂ (prB Z)Σ (in ΠB);
(2) prB(Zσ (in Π)) ⊂ (prB Z)σ (in ΠB);
(3) prB(ZΣσ (in Π) for A=
⋃{Ai: i ∈N}) ⊂ (prB Z)Σσ (in ΠB) for B =
⋃{Bi = B ∩Ai: i ∈N}.
Proposition 1.1. Let Z ⊂ Π , Z be a T0-space and w(Z) τ . Then there exists B ⊂A such that |B| τ and prB |Z is a topological
embedding.
Proof. Take a base B for Z of cardinality  τ . Since w(Z)  τ , every open cover of any subspace of Z has a subcover
of cardinality  τ . Hence for any O ∈ B , there exist BO ⊂ A of cardinality  τ and an open in ΠBO set UO such that
O = Z ∩ pr−1BO UO . Let B =
⋃{BO : O ∈ B}. Then |B| τ and, for any O ∈ B , there exists an open in ΠB set V O such that
O = Z ∩ pr−1B V O . It follows from this that prB |Z is a topological embedding. 
If Xα = X for any α ∈ A and |A| = τ , then we shall use XA or Xτ instead of Π ; ΣA(X) or Στ (X) in-
stead of Σ{(Xα,0α): α ∈ A}; σA(X) or σ τ (X) instead of σ {(Xα,0α): α ∈ A}; (σn)A(X) or (σn)τ (X) instead of
σn{(Xα,0α): α ∈A}; (Σσ)A(X) or (Σσ)τ (X) for A=⋃{Ai: i ∈N} instead of Σσ {(Xα,0α): α ∈A=⋃{Ai: i ∈N}}.
We shall use ΣA or Στ instead of ΣA(I) or Στ (I); σA or σ τ instead of σA(I) or σ τ (I); (σn)A or (σn)τ instead of
(σn)A(I) or (σn)τ (I); (Σσ)A or (Σσ)τ instead of (Σσ)A(I) or (Σσ)τ (I) for A=⋃{Ai: i ∈N}.
Lemma Σσ implies the following.
Lemma (σ τ )ω . Let A = ⋃d{Ai: i ∈ N} and |A| = τ . Then ((Σσ)τ (X) = (Σσ)A(X) for A =
⋃
d{Ai: i ∈ N}) =
∏{σAi (X):
i ∈ N}. Then product obtained is the subproduct (and a subspace) of (σ τ (X))ω . If |Ai | = τ for any i, then ((Σσ)A(X) for A =⋃
d{Ai: i ∈N}) = (σ τ (X))ω .
In particular, ((Σσ)τ = (Σσ)A for A = ⋃d{Ai: i ∈ N}) =
∏{σAi : i ∈ N} ⊂ (σ τ )ω . If |Ai | = τ for any i, then ((Σσ)τ =
(Σσ)A forA=⋃d{Ai: i ∈N}) = (σ τ )ω .
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g : Y → Z such that f is onto, g is perfect and Z is a separable metric space. Evidently, every σ -compact Tychonoff space
is a Lindelöf Σ-space. Hence
the σ -product of arbitrary family of compacta is a Lindelöf Σ-space (in particular, σ τ is a Lindelöf Σ-space for any τ ).
Since any countable Tychonoff product of Lindelöf Σ-spaces is again such a space,
the Σσ -product of arbitrary family of compacta is a Lindelöf Σ-space (in particular, (σ τ )ω is a Lindelöf Σ-space for any τ ).
Since w(Στ ) = w((Σσ)τ ) = w(σ τ ) = τ for τ ω, by Proposition 1.1 and (1)–(3), we have the following.
Corollary 1.2. For a Tychonoff space Z and τ ω, the following properties are equivalent:
1. w(Z)  τ and Z may be topologically embedded, respectively, in Σλ , in σλ , in (Σσ)λ = (Σσ)A for some A =⋃{Ai: i ∈ N}
with |A| = λ;
2. Z may be topologically embedded, respectively, in Στ , in σ τ , in (Σσ)τ = (Σσ)B for some B =⋃{Bi: i ∈N} with |B| = τ .
Prove the following assertion in connection with the previous corollary.
Lemma μ. If a space X is metrizable and w(X) τ , then X may be topologically embedded in ((σ1)τ )ω ⊂ (σ τ )ω ⊂ Στ .
Proof. Let B = ⋃{Bi: i ∈ N} be a base for X such that every Bi is discrete. Take maps f O : X → I O = [0,1] such that
O = ( f O )−1(0,1]. Then the diagonal of all f O is a topological embedding in the subproduct of ((σ1)τ )ω . 
Now let all Xα be metrizable compacta. Since Iω is topologically homogeneous, we may suppose that Xα is a subspace
of a copy Iω(α) of Iω and 0α coincides with the ﬁxed point of this copy of Iω . Hence Π =∏{Xα: α ∈A} ⊂∏{Iω(α): α ∈
A} = Iτ (for |A| = τ ) and for any Z ⊂ Π , we have the equalities:
(4) ZΣ in Π coincides with ZΣ in Iτ and Z∞ in Π coincides with Z∞ in Iτ .
Let, additionally, dim Xα =m(α) < ∞ for all α. Then we may suppose that Xα is a subspace of a copy μm(α)(α) of the
standard m(α)-dimensional Menger universal compactum μm(α)(α) ⊂ I2m(α)+1. Since all μm are topologically homogeneous,
we may suppose that 0α coincides with the ﬁxed point of a copy I2m(α)+1(α) =∏{Iβ = [0,1]: β ∈ B(α)} of I2m(α)+1. As
above, Π ⊂∏{I2m(α)+1(α): α ∈A} =∏{Iβ : β ∈ B =⋃{B(α): α ∈A}} = Iτ (for τ = |B| = |A|) and
(5) we have (4) and also Zσ in Π coincides with Zσ in Iτ and ZΣσ inΠ forA=⋃{Ai: i ∈N} coincides with ZΣσ in Iτ = IB for
B =⋃{Bi =⋃{B(α): α ∈Ai}: i ∈N}. If A=⋃d{Ai: i ∈N}, then B =
⋃
d{Bi: i ∈N} and if, additionally, |Ai | = τ , then
|Bi | = τ , i ∈N, and so (see Lemmas Σσ and (σ τ )ω) ZΣσ in Π coincides with (ZΣσ in Iτ = IB) = Z ∩Σσ {(Iβ,0β): β ∈
B =⋃{Bi: i ∈N}} = Z ∩ (∏{σ {(Iβ,0β): β ∈ Bi}: i ∈N} = (σ τ )ω).
1.2. Σ-embeddable spaces (in particular, Σ-c-compacta and Corson compacta), Valdivia compacta
A space Z will be called (bounded-)Σ-embeddable if there exists a topological embedding e of Z in some Στ (and the
closure of eZ in Στ is compact).
It is known that if all Xα are metrizable compacta then ΠΣ is a Fréchet–Urysohn space [13] (see also [6, 3.10.D]). It
follows from this that:
any Σ-embeddable space is Fréchet–Urysohn.
Recall that an open family ξ of subsets of a space X is called T0-separating points of X if, for any pair distinct points x, x′
in X , there exists O ∈ ξ such that |O ∩ {x, x′}| = 1.
Proposition 1.3. For a space Z and τ ω, properties 1)–3) are equivalent and imply 4):
1) w(Z) τ and there exists a topological embedding of Z in ΠΣ ≡ Σ{(Xα,0α): α ∈A} for some metrizable compacta Xα ;
2) w(Z) τ and Z is Σ-embeddable;
3) there exists a topological embedding of Z in Στ ;
4) there exists a point-countable, fo, of cardinality τ and T0-separating points of Z family of subsets of Z .
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2) ⇒ 3) This implication follows from Corollary 1.2.
3) ⇒ 1) This implication is evident.
3) ⇒ 4) We may suppose that Z ⊂ Στ ⊂ Iτ =∏{Iα = I: α ∈A} and Bα is a countable base for (0,1] ⊂ Iα , α ∈A. Then
ξ = Z ∧⋃{pr−1{α} Bα: α ∈A} is a point-countable, fo and T0-separating points of Z family of subsets of Z with |ξ | τ . 
Recall that: a map f : X → Y is called quasi-perfect if it is closed and all its ﬁbers are countably compact; a Tychonoff
spaces Z is called an M-space (in sense of Morita) if Z has a quasi-perfect map onto a metrizable space.
It is proved in [11] that
an M-space Z is Σ-embeddable iff Z is normal and there exists a point-countable, fo and T0-separating points of Z family of
subsets of Z .
It is possible to obtain a little more precise assertion.
Proposition 1.4. For any M-space Z and τ ω, properties 1)–4) from Proposition 1.3 are equivalent.
Proof. It is suﬃcient to prove that 4) from Proposition 1.3 implies 3) from it.
Let ξ be a point-countable, fo, T0-separating points of Z and of cardinality  τ family of subsets of Z . For any O ∈ ξ ,
take a map gO : Z → (I O = [0,1]) such that O = g−1O (0,1]. Then the diagonal product g of all gO is an injective map of
Z to Σ |ξ | ⊂ Στ . Let f be a quasi-perfect map of Z onto a metrizable space Y . Then, by Lemma 1 from [11], the diagonal
product fg is a topological embedding of Z . Since Y is metrizable, w(Y ) w(Z) τ . By Lemma μ, we may suppose that
Y ⊂ Στ and so Z has a topological embedding in (Στ )2 that is homeomorphic to Στ . 
Remark 1.1. It follows from [11] that every Σ-embeddable M-space is normal.
It is known that if all Xα are metrizable compacta then ΠΣ is a normal [5] and even collectionwise normal [9,19] sequentially
compact (evidently) Fréchet–Urysohn space (it was noted) and β(ΠΣ) = Π [8] (see also [6, 3.12.23(c)]). This implies, in
particular, that:
every countably compact subspace of ΠΣ (in particular, every countably compact subspace of Στ ) is sequentially compact and
closed in ΠΣ .
A countably compact Σ-embeddable space will be called a Σ-c-compactum. Thus
Στ is a Σ-c-compactum for any τ and Σ-c-compacta are collectionwise normal and sequentially compact Fréchet–Urysohn
spaces.
In connection with the next proposition, we need the following.
Remark 1.2. Let Z be a subspace of X = M × C , the restriction f : Z → M of the projection pr :M × C → M be closed, all
ﬁbers of f be closed in X and the space C be regular, then Z is also closed in X .
Indeed, let x ∈ X \ Z and y = f x. If y /∈ f Z , then O = pr−1(M \ f Z) is a neighborhood of x and O ∩ Z = ∅. Let y ∈ f Z .
Take neighborhoods Ux of x, UY of Y = f −1 y and U y of y such that Ux∩UY = ∅ and f −1U y ⊂ UY . Then O = Ux∩pr−1 U y
is a neighborhood of x such that O ∩ Z = ∅.
Proposition 1.4′ . For any M-space Z and τ ω, properties 1)–4) from Proposition 1.3 are equivalent to the following one.
5) There exists a topological embedding e : Z → M × C, where M is metrizable, C is a Σ-c-compactum,max(w(M),w(C)) τ and
eZ is closed in M × C.
Proof. Let we have a topological embedding g : Z → (C = Στ ) (see 3) from Proposition 1.3) and let f be a quasi-perfect map
of Z onto a metrizable space M . Then w(M)W (Z) w(Στ ) τ . Since M is ﬁrst-countable and C is countably compact,
the projection pr :M × C → M is closed. Let e be the diagonal product of f and g . Then e is a topological embedding and
f = pr ◦ e. Hence the restriction r of pr to eZ is quasi-perfect. All ﬁbers of r are countably compact and so closed in M × C .
By Remark 1.2, eZ is closed in M × C . Hence we have 5).
Now let we have 5). By Proposition 1.3 and Lemma μ, we can suppose that C ⊂ Στ and M ⊂ Στ . Hence eZ ⊂
(Στ )2 = Στ . 
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Σ-embeddable M-space coincides topologically with closed subspaces of products of metrizable spaces and Σ-c-compacta.
A compact Σ-embeddable space is called Corson.
Thus a compactiﬁcation cZ of a space Z is Σ-embeddable iff c Z is a Corson compactiﬁcation (i.e., cZ is a Corson compactum).
Evidently,
a space Z has a Σ-embeddable compactiﬁcation (i.e., a Corson compactiﬁcation) iff Z is bounded-Σ-embeddable.
Evidently, Σ-c-compacta and Corson compacta are Σ-embeddable M-spaces. Hence we have the following.
Corollary 1.5. For a Tychonoff countably compact space (respectively, for a compactum) Z and τ ω, properties 1)–4) from Proposi-
tion 1.3 are equivalent.
From Propositions 1.3, 1.4 (and Corollary 1.5) we can deduce the following.
Corollary 1.6. For any τ  ω, Στ is a universal (in the sense of topological embeddings) space for all Σ-embeddable spaces
of weight  τ and, in particular, for all Σ-embeddable M-spaces (for example for all Σ-c-compacta (and Corson compacta)) of
weight τ .
Recall that a compactum V is called Valdivia if there exists a topological embedding e : V → Iτ such that (eV )Σ in Iτ is
dense in eV .
Proposition 1.7. Let Z be a Σ-c-compactum.
1) If Z ⊂ Σλ ⊂ Iλ and V = clIλ Z , then V = β Z and V is a Valdivia compactum.
2) If V = β Z , then V is a Valdivia compactumwith w(V ) = w(Z) and for τ = w(Z) there exists a topological embedding e : V → Iτ
such that eV ∩ Στ = eZ .
Proof. Let we have 1). Since Z is a Σ-c-compactum, it is closed in Σλ and so V ∩ Σλ = Z . Since the space Σλ is normal
and Iλ = βΣλ [8], we have that V = cl Z = β Z . It follows from the deﬁnition of Valdivia compacta that V is Valdivia.
Let we have 2). Let w(Z) = τ  ω (the case of τ < ω is trivial). Take a topological embedding e′ : Z → (Στ ⊂ Iτ )
(see Proposition 1.3, points 2) and 3)). There exists the continuous extension e : V → Iτ of e′ . Since eZ = e′ Z is a Σ-c-
compactum, it is closed in Στ and so (eV = cl eZ) ∩ Στ = eZ . By 1), (eV = cl eZ) = β(eZ). Since cor(e′) is a homeomor-
phism, e is a topological embedding. Hence w(V ) = w(eV ) t and we have the equality w(V ) = w(Z). 
Corollary 1.8. The class of all Valdivia compacta of weight τ coincides with the class of Stone–Cˇech extensions of all Σ-c-compacta
of weight τ .
Evidently, Iτ is a Valdivia compactum.
Corollary 1.9. For any τ  ω, the Tychonoff cube Iτ is a universal element in the class of all Valdivia compacta of weight τ in the
following sense: every Valdivia compactum V of weight τ has a topological embedding e : V → Iτ such that eV ∩Στ is dense in eV .
1.3. σ -, Σσ - and σ Q -embeddable spaces (in particular, σ -embeddable compacta and Eberlein compacta)
A space Z will be called (bounded-)σ -embeddable if there exists a topological embedding e of Z in σ τ for some τ (and
the closure of eZ in σ τ is compact).
Evidently,
a space Z has a σ -embeddable compactiﬁcation iff Z is bounded-σ -embeddable.
For a map f of a space X to a space Y with a ﬁxed point OY , let coz f = {x ∈ X: f x = 0Y }. For a system ϕ of maps fα
of a space X to spaces Yα with ﬁxed points 0α , α ∈A, let cozϕ = {coz fα: a ∈ A}.
A system ϕ of maps fα of a space X to spaces Yα with ﬁxed points 0α , α ∈A, is said to be:
point-ﬁnite, σ -point-ﬁnite, locally ﬁnite, σ -locally ﬁnite if the family cozϕ is point-ﬁnite, σ -point-ﬁnite, locally ﬁnite, σ -
locally ﬁnite, respectively;
T0-separating points of X if for any x, x′ ∈ X there exists α such that fαx = fαx′ .
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Lemma on the point ﬁniteness. Let X be a space.
(a) If ψ is a fo, of cardinality τ , (σ )-point-ﬁnite and T0-separating points of X family of subspaces of X , then the system ϕ of maps
f O : X → I O = I such that f −1O (0,1] = O , O ∈ ψ , is T0-separating points of X , of cardinality τ and (σ -)point-ﬁnite.
(b) If a system ϕ of maps fα : X → Iα = I , α ∈A, with ω  |ϕ|  τ is point-ﬁnite T0-separating points of X and {Oαi: i ∈ N} is
a countable base for Iα \ {0}, α ∈A, then the family ϕi = { f −1α Oαi: α ∈A} is point-ﬁnite and the family ϕ =
⋃{ϕi: i ∈ N} is
σ -point-ﬁnite, fo, of cardinality τ and T0-separating points of X .
(c) Let prα be the projection of the σ -product (X = σA) = σ {(Iα = I,0α): α ∈A} onto its factor Iα , ω |A| τ . Then the system
ϕ = {prα: α ∈A} is point-ﬁnite, fo, of cardinality τ and T0-separating points of X .
(d) For any τ ω and X = σ τ , there exists a σ -point-ﬁnite, fo, of cardinality τ and T0-separating points of X family of subsets of X .
Proposition 1.10. For a space Z and τ ω, the following conditions 1)–3) are equivalent and imply 4):
1) w(Z)  τ and Z is homeomorphic to a subspace of Πσ ≡ σ {(Xα,0α): α ∈ A} for some ﬁnite-dimensional metrizable com-
pacta Xα ;
2) w(Z) τ and Z is σ -embeddable;
3) there exists a topological embedding of Z in σ τ ;
4) there exists a point-ﬁnite, T0-separating points of Z and of cardinality τ family ϕ of maps of Z to copies of I .
Proof. The proof of the equivalence of 1)–3) is similar to one for Proposition 1.3. The implication 3) ⇒ 4) follows from
point (c) of the previous lemma. 
Since σ τ is σ -compact and every countably compact subspace of σ τ ⊂ Στ is closed in Στ and in σ τ ,
every countably compact subspace of σ τ is compact.
Proposition 1.11. For any compactum Z and τ ω, conditions 1)–4) from Proposition 1.10 are equivalent.
Proof. It is suﬃcient to prove that 4) implies 3).
Let we have 4). Then the diagonal product f of all fα is an injective map of Z in σ |ϕ| ⊂ σ τ . Since Z is a compactum,
f is a topological embedding. 
A space Z will be called (bounded-)Σσ -embeddable if there exists a topological embedding e of Z in (Σσ)τ for some τ
[see Lemma (σ τ )ω] (and the closure of eZ in Στ is compact).
Proposition 1.12. For a space Z and τ ω, the following conditions 1)–3) are equivalent and imply 4) and 4) implies 5):
1) w(Z) τ and there exists a topological embedding of Z in ΠΣσ = Σσ {(Xα,0α): α ∈A=⋃{Ai: i ∈N}} for some metrizable
ﬁnite-dimensional compacta Xα ;
2) w(Z) τ and Z is Σσ -embeddable;
3) there exists a topological embedding of Z in (σ τ )ω;
4) there exists a σ -point-ﬁnite, fo, of cardinality τ and T0-separating points of Z family ψ of subsets of Z ;
5) there exists a σ -point-ﬁnite, of cardinality τ and T0-separating points of Z family ϕ of maps of Z to copies of I .
Proof. Let we have 1) and f be a topological embedding of Z in ΠΣσ . Since w( f Z) = w(Z)  τ , by Proposition 1.1
and (3), we may suppose that |A|  τ . Lemma Σσ allows to suppose that A = ⋃d{Ai: i ∈ N} and so that ΠΣσ =∏{σ {(Xα,0α): α ∈Ai}: i ∈N} =∏{σ |Ai |: i ∈N} ⊂ (σ τ )ω . Thus 1) implies 3).
The implications 3) ⇒ 2) ⇒ 1) are evident.
3) ⇒ 4) We can suppose that Z ⊂ (σ τ )ω . Let X = (σ τ )ω , X be the product of copies Xi of σ τ , pri be the restriction
to Z of the projection of the product X to its factor Xi and Zi = pi Z , i ∈ N. By Lemma on the point ﬁniteness, point (d),
there exists a σ -point-ﬁnite, fo, of cardinality τ and T0-separating points of Zi family ξi of subsets of Zi . Then the family
ψ =⋃{pr−1i ξi: i ∈N} has all desired properties.
The implication 4) ⇒ 5) follows from point (a) of Lemma on the point ﬁniteness. 
Proposition 1.13. For any M-space (in particular, for any countably compact Tychonoff space) Z and τ  ω, conditions 1)–5) from
Proposition 1.12 are equivalent.
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Let ϕ be the union of point-ﬁnite, T0-separating points of Z and of cardinality  τ systems ϕi = {gα : Z → (Iα = I):
α ∈Ai}, i ∈ N, of maps of Z . Then the diagonal product g of all gα is an injective map of Z to ∏{σ |ϕi |: i ∈ N} ⊂ (σ τ )ω .
Let f be a quasi-perfect map of Z onto a metrizable space Y . Then, by Lemma 1 from [11], the diagonal product fg is a
topological embedding of Z . Since Y is metrizable, w(Y ) w(Z) τ and, by Lemma μ, we may suppose that Y ⊂ (σ τ )ω
and so Z has a topological embedding in ((σ τ )ω)2 that is homeomorphic to (σ τ )ω . 
Proposition 1.14. Any countably compact subspace Z of (σ τ )ω is compact.
Proof. Since (σ τ )ω ⊂ Στ and since Z is countably compact, Z is closed in Στ and so it is closed in (σ τ )ω . Since (σ τ )ω is
a Lindelöf Σ-space, Z is compact. 
Corollary 1.15. Any Σσ -embeddable M-space is paracompact.
Proof. If f is a quasi-perfect map of a Σσ -embeddable M-space to a metrizable space, then, by Proposition 1.13, all ﬁbers
of f are compact and f is perfect. 
Let for τ = |A|, (Στ∗ = ΣA∗ ) = {x= (xα)α∈A ∈ Iτ : |{α ∈A: xα > }| < ω for any  > 0}. Evidently, Στ∗ ⊂ Στ .
It is proved in [11] that
an M-space Z is homeomorphic to a subspace of Στ∗ for some τ iff it is normal (or, equivalently, is paracompact) and there exists
a σ -point-ﬁnite, fo and T0-separating points of Z family of subsets of Z .
It follows from this assertion and Propositions 1.11 and 1.12 that
the classes of all Σσ -embeddable M-spaces and of all M-spaces having topological embeddings in various Στ∗ coincide.
It is not diﬃcult to prove that (σ τ )ω may be embedded topologically in Στ∗ . Is it true that Στ∗ is (σ τ )ω-embeddable?
Recall that a compactum is called Eberlein [2] if it is homeomorphic to a subspace of a Banach space in its weak topology.
It is known [18,2] that a compactum Z is Eberlein iff
(e) there exists a σ -point-ﬁnite fo and T0-separating points of Z family of subsets of Z
and iff
(e∗) Z has a topological embedding in some Στ∗ .
Proposition 1.12 and (e) imply the following.
Corollary 1.16. A compactum is Eberlein iff it is Σσ -embeddable. More exactly, a compactum is Eberlein of weight τ iff it may be
topologically embedded in (σ τ )ω .
Thus a compactiﬁcation cZ of a space Z is Σσ -embeddable iff c Z is an Eberlein compactiﬁcation (i.e., cX is an Eberlein com-
pactum).
Evidently,
a space X has a Σσ -embeddable compactiﬁcation (i.e., an Eberlein compactiﬁcation) iff X is bounded-Σσ -embeddable.
Recall that Q denotes the Hilbert cube.
A space Z will be called σ Q -embeddable if there exists a topological embedding of Z in some σ τ (Q ).
Evidently,
every σ -embeddable space is σ Q -embeddable
and
Q is σ Q -embeddable but is not σ -embeddable.
Proposition 1.17. If a space Z is σ Q -embeddable and dim Z < ∞, then Z is σ -embeddable.
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Q and 0α is the ﬁxed point of Q . Since Q is topologically homogeneous, we may suppose that the ﬁxed point of σA(Q )
is contained in f Z and so for fα = prα ◦ f , we have 0α ∈ fα Z .
Let Fα :β Z → Qα be the continuous extension of fα . By Mardešic´’s factorization theorem [12], there exist a metrizable
compactum Y ′α with dimY ′α  dimβ Z = dim Z = n and maps g′α : Z → Y ′α , h′α : Y ′α → Qα such that fα = h′α ◦ g′α . Note that
Φα = (h′α)−10α is a non-empty subcompactum of Y ′α .
Let Yα be the disjoint union of Y ′α \ Φα and a point 0Yα . For y ∈ Y ′α , set g′′α y = y ∈ Yα if y /∈ Φα and g′′α y = 0Yα if
y ∈ Φα . Suppose that a subset O of Yα is open in Yα iff (g′′α)−1O is open in Y ′α . Evidently, Yα with this topology is a
metrizable compactum and g′′α is continuous. Since the subspace Oα = Y ′α \ Φα of Yα is homeomorphic to the subspace
Y ′α \ Φα of Y ′α , we have that dim Oα  n. Since the set Yα \ Oα is one-point, dimYα  n.
Evidently, there exists a map hα : Yα → Qα such that h′α = hα ◦ g′′α . (Note that hα(0Yα) = 0α and h−1α 0α = {0Yα}.) Then
for gα = g′′α ◦ g′α , we have that fα = hα ◦ gα . Hence for z ∈ Z , we have that gαz = 0Yα iff fαz = 0α . It implies for the
diagonal product  : Z →∏{Yα: α ∈A} of all gα , that the set Z is a subset of the σ -product ∏σ of all spaces Yα with
ﬁxed points 0Yα . Let g be the corestriction of  to
∏
σ .
If H is the product of all maps hα , then H(
∏
σ ) ⊂ σA(Q ). Let h be the corestriction to σA(Q ) of the restriction of
H to
∏
σ . It is not diﬃcult to prove that h ◦ g = f and so g is a topological embedding of Z in
∏
σ . By (5), Z is σ -
embeddable. 
Theorem 1.18. If a subspace X of a σ Q -embeddable space Y is normal, then dim X  dimY .
We need some preliminary considerations to prove the theorem.
Deﬁnition 1.1. A disjoint cover λ = {Xα: α ∈A=⋃d{Ai: i ∈N}} of a space X will be called a semi-discrete and semi-closed
decomposition of a space X if for λi = {Xα: α ∈Ai}, Xi =⋃λi , Xi∪ = X1 ∪ · · · ∪ Xi , i ∈ N, the sets Xi∪ are closed in X , the
system λ1 is closed and discrete in X and the systems λi are closed and discrete in X \ X(i−1)∪ for i > 1.
Remark 1.3. Semi-discrete and semi-closed decompositions of spaces were considered (under another name) in [14]; see
also [16].
Recall that for a subspace A of a space X , rdx A  n if dim B  n for any closed in X subset B of A, n = 1,0,1, . . . .
Lemma 1.19. Let λ = {Xα: α ∈ A =⋃{Ai: i ∈ N}} be a semi-discrete and semi-closed decomposition of a normal space X with
rdx Xα  n for all α. Then dim X  n, n = 0,1,2, . . . .
Proof. Evidently, dim(X1 = X1∪)  n and rdx Xi  n for i > 1. Suppose that dim Xi∪  n for all i < k, k > 1. Since Xk∪ is
normal, dim X(k−1)∪  n and rdx Xk  n, by Dowker’s theorem (see [1, p. 270, Theorem 15] or [7, p. 178]), dim Xk∪  n. By
the sum theorem, dim X  n. 
Remark 1.4. This proof may be ﬁnished by using Lemma 3.1.6 from [7] after the ﬁrst sentence of the proof.
Recall that dim A  dimY for any strongly metrizable (even for any Zarelua’s completely paracompact) subspace of a
Tychonoff space Y (correspondent deﬁnitions can be ﬁnd in [7, Problem 2.4.B]).
Corollary 1.20. Let a normal space X be a subspace of a Tychonoff space Y , λ = {Aα: α ∈A =⋃d{Ai: i ∈ N}} be a semi-discrete
and semi-closed decomposition of X such that all Xα are strongly metrizable (even completely paracompact). Then dim X < dimY .
Remark 1.5. The previous corollary is true even for normal and d-right subspaces (see [16,17]) Aα of Y , α ∈A.
Proof of Theorem 1.18. We may suppose that Y ⊂ σA = σ {Qα: α ∈A}, where Qα is a copy of Q with the ﬁxed point 0α .
Let Ci = {B ∈A∗0: |B| = i}, i = 0,1,2, . . . , and for B ∈A∗0, XB = {x= {xα}α∈A ∈ X: xα = 0 ⇔ α ∈ B}.
Evidently, all XB are separable metrizable (and so strongly metrizable) spaces. It is also evident that {XB: B ∈A∗0 =⋃
d{Ci: i = 0,1,2, . . .}} is a semi-discrete and semi-closed decomposition of X . By Corollary 1.20, dim X  dimY . 
2. Basic proposition
The following assertion develops Proposition 9 from [15].
Proposition 2.1 (Basic proposition). Let for a compactum X, a set A with |A| = τ  ω and any a ∈A∗ , a compactum Ra, its open
subset Va and a map ga : X → Ra be given such that
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2. dim Ra  n, n = 0,1, . . . ,∞;
3. for a ⊂ b ∈A∗ , a map qba : Vb → Va is deﬁned with
qba ◦ qcb = qca if a ⊂ b ⊂ c;
4. for a ∈A∗ and Oa = g−1a Va,
Oa =
⋂
{O {α}: α ∈ a}
and
ga|Ob = qba ◦ gb|Ob
for a ⊂ b ∈A∗ .
If R =∏{Ra: a ∈A∗}, g = cor({ga: a ∈A∗} : X → R) and Y = gX, then dimY  n.
Set:
(def σ) Rσ = σ {(Ra,0a): a ∈A∗}, Yσ = Y ∩ Rσ and Xσ = {x ∈ X: |{α ∈A: g{α}x = 0{α}}| < ω};
(def Σσ) for A =⋃d{Ai: i ∈ N}, RΣσ = Σσ {(Ra,0a): a ∈ A∗ =
⋃{(A1 ∪ · · · ∪Ai)∗: i ∈ N}}, YΣσ = Y ∩ RΣσ and XΣσ =
{x ∈ X: |{α ∈Ai: g{α}x = 0{α}}| < ω for all i ∈N};
(def Σ) RΣ = Σ{(Ra,0a): a ∈A∗}, YΣ = Y ∩ RΣ and XΣ = {x ∈ X: |{α ∈A: g{α}x = 0{α}}|ω};
(def ∞) R∞ = R \ RΣ , Y∞ = Y \ YΣ and X∞ = {x ∈ X: |{α ∈A: g{α}x = 0{α}}| > ω};
(def v) vY = clY YΣ , vY∞ = vY \ YΣ , v X = clX XΣ , v X∞ = v X \ XΣ .
Then
(σ ) g−1Yσ = Xσ and Yσ = gXσ ;
(Σσ ) g−1YΣσ = XΣσ and YΣσ = gXΣσ ;
(Σ ) g−1YΣ = XΣ and YΣ = gXΣ ;
(∞) g−1Y∞ = X∞ and Y∞ = gX∞;
(v) vY = g(v X), vY∞ = g(v X∞);
(↑) Yσ ⊂ YΣσ ⊂ YΣ ⊂ vY ⊂ Y ;
(σ ) Yσ is σ -compact with dimYσ  n;
(Σσ ) YΣσ is a Lindelöf (Σ )-space with dimYΣσ  n;
(Σ ) YΣ is countably compact;
(v) vY is a compactum with dim vY  n.
If all Ra are metrizable then w(Y ) τ ; Yσ , YΣσ and YΣ are Fréchet–Urysohn spaces,
(σ ) Yσ is σ -embeddable;
(Σσ ) YΣσ is Σσ -embeddable;
(Σ ) YΣ is a Σ-c-compactum with dimYΣ  n;
(v) vY is a Valdivia compactum and vY = βYΣ .
It is possible to consider R as a subspace of Iτ = IB = {Iβ = I: β ∈ B} such that for σB = σ {(Iβ,0β): β ∈ B}, ΣσB =
Σσ {(Iβ,0β): β ∈ B} for B =⋃{Bi: i ∈N} (for some Bi), ΣB = Σ{(Iβ,0β): β ∈ B} and IB∞ = IB \ ΣB ,
(emb) Yσ = Y ∩ σB , YΣ = Y ∩ ΣB , YΣσ = Y ∩ ΣσB and Y∞ = Y ∩ IB∞ .
If |Ai | = τ for any i ∈N, then we can suppose that B =⋃d{Bi with |Bi| = τ : i ∈N} and
(emb′) ΣσB =∏{σ {(Iβ,0β): β ∈ Bi}: i ∈N} = (σ τ )ω .
Proof. Without loss of generality we can suppose that Ra = ga X ∪ {0a} (more exactly, either Ra = ga X or the point 0a is
isolated in Ra) and Va = gaOa for any a ∈A∗ .
Let for ai ∈A∗ , i = 1, . . . , s,pra1...as be the projection of the product R to the subproduct Ra1...as =
∏{Rai : i = 1, . . . , s}
of R . Evidently, ga1...as = cor(pra1...as ◦ g) is the restriction of the diagonal product of ga1 , . . . , gas . Let Ya1...as = ga1...as X . Then
for pa1...as = cor(pra1...as |Y ), we have that Ya1...as = pa1...as Y and ga1...as = pa1...as ◦ g .
Take a ﬁnite open cover λ of Y . Since Y is a compactum, there exist ai ∈ A∗ , i = 1, . . . , s, and a ﬁnite open cover μ
of Ya1...as such that p
−1
a1...asμ is a reﬁnement of λ. Let c =
⋃{ai: i = 1, . . . , s}. Then for any b ⊂ c∗ , the projection prc∗b of
the product Rc∗ onto its subproduct Rb is deﬁned. Set pc∗b = cor(prc∗b |Y ∗ ). Evidently, pc∗bYc∗ = Yb and gb = pc∗b ◦ gc∗ . Inc
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Let us prove that dimYc∗  n.
Evidently, the sets Oci =⋃{Oa: a ∈ c∗, |a| = i} are open in X , the sets Gc(i−1) = X \ Oci , i = 1, . . . , |c|, and Gc|c| = X are
closed in X and Kci = Oci ∩ Gci is closed in Oci , i = 1, . . . , |c|.
For any a ∈ c∗ and Kac = Oac \⋃{Ob: b ∈ c∗, (b \ a) = ∅}, we have (see 4.) that
Kac =
⋂
{O {α}: α ∈ a} \
⋃{
O {α}: α ∈ (c \ a)
}= Kci ∩ Oa.
It is easily seen that the system ci = {Kac: a ∈ c∗, |a| = i} is a ﬁnite closed cover of Kci that is discrete in Oci (because
every element of open cover {Oa: a ∈ c∗, |a| = i} of Oci intersects not greater than one element of ci).
For a ∈ c∗ , take
Ua = p−1c∗ Va.
Since ga = pc∗a ◦ gc∗ , we have the equalities (see point 4.)
g−1c∗ Ua = g−1c∗ p−1c∗aVa = g−1a Va = Oa
and
Ua = gc∗ Oa
(because gc∗ is an onto map).
Since gc∗ is an onto map and (see point 4.)
g−1c∗ Ua = Oa =
⋂
{O {α}: α ∈ a} =
⋂{
g−1{α}V {α}: α ∈ a
}=
⋂{
g−1c∗ p
−1
c∗{α}V {α}: α ∈ a
}
= g−1c∗
(⋂{(
p−1c∗{α}V {α} = U {α}
)
: α ∈ a}
)
= g−1c∗
(⋂{
p−1c∗a p
−1
a{α}V {α}: α ∈ a
})
= g−1c∗
(
p−1c∗a
(⋂{
p−1a{α}V {α}: α ∈ a
}))
,
we have that
Ua =
⋂
{U {α}: α ∈ a} = p−1c∗a
(⋂{
p−1a{α}V {α}: α ∈ a
})
.
Then the sets Ui = ⋃{Ua: a ∈ c∗, |a| = i} are open and the sets H |c| = Yc∗ and Hi−1 = Yc∗ \ Ui are closed in Yc∗ ,
i = 1,2, . . . , |c|, and |H0|  1. As above, the set Li = Ui ∩ Hi is closed in Ui and is the discrete union of the closed sets
Lac = Hi ∩ Ua , a ∈ c∗ , |a| = i, in Li .
Evidently,
g−1c∗ Lac = Kac and gc∗Kac = Lac .
Let us prove that πa = (pc∗a : Lac → pc∗aLac) is a homeomorphism.
If Lac = ∅ then πaLac = ∅. Let Lac = 0. Then for b ∈ c∗ , (b \ a) = ∅,
pc∗bLac = pc∗b ◦ gc∗Kac = gbKac = {0b}
and for b ⊂ a,
pc∗bLac = pab ◦ pc∗aLac .
Hence πa is a homeomorphism.
Now we shall prove that rdYc∗ Li  n, i.e., dim A  n for any closed in Yc∗ subset of Li . Since Yc∗ is a compactum, we
must prove that dim A  n for any compactum A ⊂ Li . Since Li is the discrete union of the sets Lac∗ , a ∈ c∗ , |a| = i, it is
suﬃcient to prove the inequality dim A  n for any compactum A ⊂ Lac∗ , for a ∈ c∗ , |a| = i. But A is homeomorphic to the
subcompactum πa A of Ya ⊂ Ra and dim Ra  n. Hence dim A  n.
By Lemma 1.19, dimYc∗  n. Hence there exists a ﬁnite open reﬁnement ω of ν of order n. Then h−1c∗ ω is a ﬁnite open
reﬁnement of λ of order n. Thus dimY  n.
Since Rσ is σ -compact and Yσ is closed in it, Yσ is σ -compact and so dimYσ  dimY  n. Since RσΣ is a Lindelöf
Σ-space and YσΣ is closed in it, YσΣ is a Lindelöf Σ-space and so dimYσΣ  dimY  n. Since all Ra are compact, RΣ is
countably compact. Since YΣ is closed in RΣ , it is also countably compact. Since vY is compact, dim vY  dimY  n.
Evidently, g−1Yσ ⊂ Xσ , g−1YΣσ ⊂ XΣσ and g−1YΣ ⊂ XΣ . Now note that if g{α}x = 0{α} , then gax = 0a for any a
containing α. (Indeed, if gax = 0a (i.e., gax ∈ Va) then x ∈ Oa and, by 4., x ∈ O {α} , g{α}x ∈ V {α} .) It follows from this that
g−1Yσ = Xσ , g−1YΣσ = XΣσ , g−1YΣ = XΣ and so g−1Y∞ = X∞ . Since g is an onto map, Yσ = gXσ , YΣσ = gXΣσ ,
YΣ = gXΣ , Y∞ = gX∞ and (because v X is a compactum) vY = g(v X) and vY∞ = g(v X∞).
If all Ra are metrizable, then RΣ and its subspaces are Fréchet–Urysohn. Hence Yσ , YΣσ and YΣ are Fréchet–Urysohn.
By Propositions 1.3, 1.10 and 1.12, Yσ is σ -embeddable, YΣ is Σ-embeddable and YΣσ is Σσ -embeddable. Hence YΣ is a
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Proposition 1.7) vY is a Valdivia compactum.
Evidently, w(Y ) w(R) τ .
The possibility to consider R as a subspace of Iτ = IB = {Iβ : β ∈ B} satisfying equalities (emb) follows from (4) and (5).
If |Ai | = τ for any i, then for C1 =A∗1 and Ci = (A1 ∪ · · · ∪Ai)∗ \ (A1 ∪ · · · ∪Ai−1)∗ for i > 1, we have the equalities|Ci | = τ (because A∗i ⊂ Ci) and A∗ =
⋃
d{Ci: i ∈ N}. In this case (see (5)) we can suppose that B =
⋃
d{Bi: i ∈ N} and
|Bi| = τ for any i. Equality (emb′) follows from this. 
Remark 2.1. Let A=⋃d{Ai: i ∈ N}, B =
⋃
d{Bi: i ∈ N}, |A| = |B| = |Ai | = |Bi | = τ for i ∈ N and ξ :A→ B be a bijection
such that ξ(Bi) = Ai for any i. If Iτ = (IA = ∏{(Iα,0α): α ∈ A}) = (IB = ∏{(Iβ,0β): β ∈ B}) and hβ : Iα → Iξ(β) is a
homeomorphism such that hβ(0β) = 0ξ(β) for any β , then the product h : (Iτ = IB) → (Iτ = IA) of all hβ is also a home-
omorphism such that h(0β)β∈B = (0α)α∈A , h(σB) = σA , h((σ τ )ω = ΣσB for B =⋃d{Bi: i ∈ N}) = ((σ τ )ω = ΣσA for
A=⋃d{Ai: i ∈N}) and h(ΣB) = ΣA , h(IB∞) = IA∞ .
This remark and Proposition 2.1 imply the following.
Corollary 2.2. Let |Ai | = τ for all i ∈N in Proposition 2.1. Then
(emb) there exists a topological embedding e : Y → Iτ = (IA =∏{(Iα,0α): α ∈A}) such that
(embσ ) e(Yσ ) = e(Y ) ∩ σ τ ;
(embΣσ ) e(YΣσ ) = e(Y ) ∩ (σ τ )ω;
(embΣ ) e(YΣ) = e(Y ) ∩ Στ ;
(emb∞) e(Y∞) = (eY )∞;
(emb v) e(vY ) = clY e(YΣ) = β(e(YΣ)), e(vY∞) = (e(vY ))∞ .
3. Multistage factorization theorem for maps to pointed Tychonoff cubes. Multistage universal spaces and extensions
Lemma 3.1. Let we have maps q′ci : R
′
c → Ri between compacta, 0i ∈ Ri and V i = Ri \ {0i}, i = 1, . . . ,k. Then there exist a compactum
Rc with a ﬁxed point 0c and maps q′c : R ′c → Rc , qci : (Vc = Rc \ {0c}) → Vi such that dim Rc max{dim R ′c,0}, w(Y ) w(X) and
for V ′c = R ′c \
⋃{(q′ci)−10i: i = 1, . . . ,k} =
⋂{(g′ci)−1Vi: i = 1, . . . ,k}, we have the following: q′c V ′c = Vc, qc = cor(q′c|V ′c ) is a
homeomorphism, (q′c)−10c = R ′c \ V ′c , (q′c)−1Vc = V ′c and corVi (q′ci |V ′c ) = qci ◦ qc , i = 1, . . . ,k. If k = 1, then there exists a map
p : Rc → R1 such that p is equal to qc1 on Vc , q′c1 = p ◦ q′c and p−101 = {0c}.
Proof. Let the set Rc consist of the set Vc = V ′c and a point 0c /∈ Vc . Let q′c : R ′c → Rc be identical on V ′c and
q′c(R ′c \ V ′c) ⊂ {0c}. Take the topology on Rc consisting of all U ⊂ Rc such that (q′c)−1U is open in R ′c . (Note that the
relation 0c /∈ q′c R ′c is possible.) Then Rc with this topology is a compactum, q′c is continuous, (qc = cor(q′c |V ′c )) : V ′c → Vc
is the identical homeomorphism and (q′c)−10c = R ′c \ V ′c , (q′c)−1Vc = V ′c . Evidently, w(Rc)  w(R ′c). By Dowker’s the-
orem, dim Rc  max{dim{0c} = 0, rd V ′c} and rd V ′c  dim R ′c . If qci : Vc → Vi is equal to corVi (q′ci |V ′c≡Vc ) then, evidently,
corVi (q
′
ci |V ′c ) = qci ◦ qc . Let k = 1 and p : Rc → R1 is equal to qc1 on Vc and p(0c) = 01. Then p is continuous, q′c1 = p ◦ q′c
and p−101 = {0c}. 
Theorem 3.2 (The multistage factorization theorem for maps of compacta to pointed Tychonoff cubes). Let Iτ = ∏{(Iα = I,
0α = 0): α ∈ A}, |A| = τ  ω, X be a compactum with dim X = n, n = 0,1, . . . , and f : X → Iτ be a map. Then there exist
metrizable compacta Ra of dimension dim Ra  n with ﬁxed points 0a, a ∈A∗ , a compactum Y ⊂ R =∏{(Ra,0a): a ∈A∗}, an onto
map g : X → Y and a map h : Y → Iτ such that
f = h ◦ g, w(Y ) τ , dimY  n
and for:
(def σ ) σ τ = σ {(Iα,0α): α ∈A}, Xσ = f −1σ τ , Rσ = σ {(Ra,0a): a ∈A∗}, Yσ = Y ∩ Rσ ;
(def Σσ ) ((σ τ )ω = Σστ ) = Σσ {(Iα,0α): α ∈ A = ⋃d{Ai with |Ai | = τ : i ∈ N}}, XΣσ = f −1(σ τ )ω , RΣσ = Σσ {(Ra,0a):
a ∈A∗ =⋃{(A1 ∪ · · · ∪Ai)∗: i ∈N}}, YΣσ = Y ∩ RΣσ ;
(def Σ ) Στ = Σ{(Iα,0α): α ∈A}, XΣ = f −1Στ , RΣ = Σ{(Ra,0a): a ∈A∗}, YΣ = Y ∩ RΣ ;
(def ∞) X∞ = f −1 Iτ∞ , R∞ = R \ RΣ , Y∞ = Y \ YΣ ;
(def v) v X = cl XΣ , v X∞ = v X \ XΣ ; vY = clY YΣ , vY∞ = vY \ YΣ ,
we have that:
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(Σσ ) YΣσ = gXΣσ , g−1YΣσ = XΣσ and YΣσ is a Σσ -embeddable Lindelöf Σ-space;
(Σ ) YΣ = gXΣ , g−1YΣ = XΣ and YΣ is a Σ-c-compactum;
(∞) Y∞ = gX∞ , g−1Y∞ = X∞;
(v) vY = β(YΣ) = g(v X) and vY is a Valdivia compactum; vY∞ = g(v X∞);
(↑) Yσ ⊂ YΣσ ⊂ YΣ ⊂ vY ⊂ Y ;
(dim w) dimYσ  n, dim YΣσ  n, dimYΣ  n, dim vY  n; w(Yσ ) w(YΣσ ) w(YΣ) w(vY ) w(Y ) τ ;
(emb) there exists a topological embedding e : Y → Iτ such that:
(embσ ) e(Yσ ) = e(Y ) ∩ σ τ ;
(embΣσ ) e(YΣσ ) = e(Y ) ∩ (σ τ )ω;
(embΣ ) e(YΣ) = e(Y ) ∩ Στ ;
(emb∞) e(Y∞) = (eY )∞;
(emb v) e(vY ) = clY e(YΣ) = β(e(YΣ)), e(vY∞) = (e(vY ))∞;
(subset) if A ⊂ X, C = clIτ f A and (a) C ⊂ σ τ , or (b) C ⊂ (σ τ )ω , or (c) C ⊂ Στ , then for B = cle(Y ) e(gA), we have the
following inclusions (a) B ⊂ σ τ , or (b) B ⊂ (σ τ )ω , or (c) B ⊂ Στ , respectively.
Proof. For any α ∈A set R{α} = Iα , 0{α} = 0α , g{α} = prα ◦ f , where prα is the projection of the product Iτ onto its factor Iα .
Suppose that, for all a ∈A∗ with |a| < k, k > 1, metrizable compacta Ra , its open subsets Va and maps ga : X → Ra are
constructed so that they have properties 1.–4. from Proposition 2.1. Take c ∈A∗ with |c| = k.
By Mardešic´’s factorization theorem, there exist a metrizable compactum R ′c of dimension dim R ′c  n, an onto map
g′c : X → R ′c and maps q′ca : R ′c → Ra such that ga = q′ca ◦ g′c for all a ∈ c∗ , a = c. By Lemma 3.1, there exist a metrizable
compactum Rc of dimension dim Rc  n with a point 0c ∈ Rc and maps q′c : R ′c → Rc and qca : (Vc = Rc \ {0c}) → Va for
all a ∈ c∗ , a = c, such that for V ′c = R ′c \
⋃{(q′ca)−10a: a ∈ c∗, a = c} =
⋂{(q′ca)−1Va: a ∈ c∗, a = c}, we have the relations
q′c(V ′c) = Vc , qc = cor(q′c |V ′c ) is a homeomorphism, (q′c)−10c = R ′c \ V ′c , (q′c)−1Vc = V ′c and corVa (q′ca|V ′c ) = qca ◦ qc .
Then, for gc = q′c ◦ g′c , Oc = g−1c Vc = (g′c)−1V ′c and for all a ∈ c∗ , a = c, we have that Oc ⊂ (g′c)−1((q′ca)−1Va) =
g−1a Va = Oa ,
qca ◦ gc|Oc = qca ◦ qc ◦ g′c
∣∣
Oc
(
q′ca ◦ g′c
)∣∣
Oc
= ga|Oc
and
Oc =
(
g′c
)−1
V ′c =
(
g′c
)−1(⋂{(
q′ca
)−1
Va: a ∈ c∗, a = c
})=
⋂{(
g′c
)−1((
q′ca
)−1
Va
)
: a ∈ c∗, a = c}
=
⋂{(
g′a
)−1
Va: a ∈ c∗, a = c
}=
⋂
{Oa: a ∈ c∗, a = c}
= (by the inductive hypothesis)
⋂{⋂
{O {α}: α ∈ a}: a ∈ c∗, a = c
}
=
⋂
{O {α}: α ∈ c}.
Since g′c is an onto map,
gc Oc = qc ◦ g′c O c = qc ◦ g′c
(
g′c
)−1
V ′c = qcV ′c = Vc .
Let a ⊂ b ⊂ c. Then qba ◦ qcb ◦ gc|Oc = qba ◦ gb|Oc = (by the inductive hypothesis and since Oc ⊂ Ob) ga|Oc = qca ◦ gc|Oc .
Since corVc (gc|Oc ) = Oc → Vc is an onto map,
qba ◦ qcb = qca.
As in Proposition 2.1, take R =∏{Ra: a ∈A∗}, g = cor({ga: a ∈A∗} : X → R) and Y = gX . Then Y is a compactum
with dimY  n. Since all Ra are metrizable and A∗  w(R) τ , we have that w(Y ) τ .
Let H be the projection of the product R onto its subproduct RA =∏{R{α}: α ∈A} ≡∏{I{α}: α ∈A} = Iτ and h = H|Y .
Then
h ◦ g = {g{α}: α ∈A} = {prα ◦ f : α ∈A} = f .
Evidently, the sets Xσ , XΣσ , XΣ and X∞ from Proposition 2.1 coincide with ones from our theorem. The rest (besides
the last point (subset)) follows from Proposition 2.1 and Corollary 2.2.
Prove (subset). Let we have (a). By (σ ), g(cl A) ⊂ g f −1C ⊂ g f −1σ τ = Yσ . Hence (by (embσ)) B ⊂ eg(cl A) ⊂ e(Yσ ) ⊂ σ τ .
The cases (b) and (c) of (subset) are considered similarly. 
Theorem 3.3 (The theorem on the multistage nτ -universal space). Let τ  ω, Iτ = ∏{(Iα = I,0α = 0): α ∈ A}, σ τ =
σ {(Iα,0α): α ∈A}, (σ τ )ω = Σσ {(Iα,0α): α ∈A =⋃d{Ai with |Ai | = τ : i ∈ N}}, Στ = Σ{(Iα,0α): α ∈A}, Iτ∞ = Iτ \ Στ .
Then for each n ∈ {0,1,2, . . .}, there exist the following subspaces of Iτ :
(nτ ) a compactum Unτ ;
(σnτ ) the (σ -embeddable and) σ -compact space Unτσ = Unτ ∩ σ τ ;
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(Σnτ ) the Σ-c-compactum UnτΣ = Unτ ∩ Στ ;
(∞nτ ) Unτ∞ = Unτ \ UnτΣ ;
(vnτ ) the Valdivia compactum vUnτ = clUnτ UnτΣ = βUnτΣ and its subspace vUnτ∞ = vUnτ \ UnτΣ
having the following properties:
(↑) Unτσ ⊂ UnτΣσ ⊂ UnτΣ ⊂ vUnτ ⊂ Unτ ;
(dim,w) dimUnτσ = dimUnτΣσ = dimUnτΣ = dim vUnτ = dimUnτ = n, w(Unτσ ) = w(UnτΣσ ) = w(UnτΣ ) = w(vUnτ ) =
w(Unτ ) = τ ;
(multiuni) if Z ⊂ Iτ , dim Z  n and Zσ = Z ∩ σ τ , ZΣσ = Z ∩ (σ τ )ω , ZΣ = Z ∩ Στ , v Z = clZ ZΣ , v Z∞ = v Z \ ZΣ ,
then there exists a topological embedding eZ : Z → Iτ such that:
(uni) eZ (Z) ⊂ Unτ ;
(uniσ ) eZ (Zσ ) ⊂ Unτσ ;
(uniΣσ ) eZ (ZΣσ ) ⊂ UnτΣσ ;
(uniΣ ) eZ (ZΣ) ⊂ UnτΣ ;
(uni v) eZ (v Z) ⊂ vUnτ and eZ (v Z∞) ⊂ vUnτ∞ .
In addition,
(subset) if C = clIτ Z and (a) C ⊂ σ τ , or (b) C ⊂ (σ τ )ω , or (c) C ⊂ Στ , then for B = clUnτ e(Z), we have the inclusions (a) B ⊂ Unτσ
or (b) B ⊂ UnτΣσ , or (c) B ⊂ UnτΣ , respectively.
Proof. Fix n ∈ {0,1,2, . . .}. Let ν = {X j: j ∈ J } be the family of all non-empty subspaces of Iτ , of dimension dim X j  n
and X∪ be the discrete union of all spaces X j ∈ ν , j ∈ J . Evidently, dim X∪ = n. Let the function f∪ : X∪ → Iτ be such
that f∪|X j is the identical embedding of X j in Iτ , j ∈ J . Then f∪ is continuous and there exists the continuous extension
f : (X = βX∪) → Iτ of f∪ . Note that dim X = n, clX X j = βX j , the sets clX X j are open–closed in X and pairwise disjoint.
By Theorem 3.2, there exist a compactum Y and an onto map g :βX → Y and a map h : Y → Iτ such that f = h ◦ g ,
dimY  n, w(Y ) τ and all assertions (σ )–(↑) of Theorem 3.2 hold (we shall use the notation from this theorem).
By the same theorem, there exists a topological embedding e : Y → Iτ such that (embσ)–(emb v) hold. Set Unτσ = e(Yσ ),
UnτΣσ = e(YΣσ ), UnτΣ = v(YΣ), Unτ∞ = e(Y∞), vUnτ = e(vY ), Unτ∞ = e(vY∞).
Take Z ⊂ Iτ with dim Z  n. Then Z = Xk ⊂ X for some k ∈ J and since f |Z is the identical embedding of Z = Xk in
Iτ and f = h ◦ g , g is a topological embedding of Z in V . It follows from this and points (σ )–(v) of Theorem 3.2 that
g Z ⊂ Y , g(Zσ ) ⊂ Yσ , g(ZΣσ ) ⊂ YΣσ , g(ZΣ) ⊂ YΣ , g(v Z) ⊂ vY , g(v Z∞) ⊂ vY∞ . Then eZ = e ◦ g|Z is a desired topological
embedding of Z . Point (subset) follows from point (subset) of Theorem 3.2.
Now note that σ τ contains (topologically) the n-cube Z = In of countable weight and of dimension n and the discrete
subspace Z = Dτ of weight τ and dimension 0. Then Unτσ , UnτΣσ , UnτΣ , vUnτ and Unτ contain (topologically) these two
spaces. Hence we have (dim,w). 
We need the following assertion for the next Corollary 3.5.
Lemma 3.4. Let a space X be (a) bounded-σ -embeddable, (b) bounded-Σσ -embeddable, (c) bounded-Σ-embeddable. Then X has a
(a) σ -embeddable, (b) Σσ -embeddable (i.e., Eberlein), (c) Σ-embeddable (i.e., Corson) compactiﬁcation cX with w(cX) = w(X).
Proof. The proofs are identical in all three cases (a)–(c) and so we shall consider (b) only.
Suppose that bX is a compactiﬁcation of X and bX ⊂ (Σσ)A = Σσ {(Iα,0α): α ∈A=⋃{Ai: i ∈N}} with |A| = λ. Then
λ τ = w(X). By Proposition 1.1 and (3) from Section 1.1, there exists B ⊂A such that |B| = τ and for the projection pr of
(Σσ)A onto (Σσ)B = Σσ {(Iα,0α): α ∈ B =⋃{Bi = B ∩Ai: i ∈N}}, the restriction pr |X is a topological embedding. Then
cX = pr(bX) ⊂ (Σσ)B is a Σσ -embeddable compactiﬁcation of X of weight w(cX) = τ = w(X). 
This lemma and Theorem 3.3, point (subset) imply the following.
Corollary 3.5 (The theorem on nτ -universal spaces and nτ -extensions). For any n ∈ {0,1,2, . . .} and τ ω,
(uniσ ) any (bounded-)σ -embeddable space of weight τ and dimension n can be topologically embedded in Unτσ and has (a σ -
embeddable compactiﬁcation of weight τ and dimension n) a σ -compact σ -embeddable extension of weight τ and
dimension n;
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and of dimension n can be topologically embedded in UnτΣσ and has (a Σσ -embeddable (i.e., Eberlein) compactiﬁcation of
weight τ and dimension n) Σσ -embeddable extension of weight τ and dimension n that is a Lindelöf Σ-space;
(uniΣ ) any (bounded-)Σ-embeddable space [in particular, any M-space (for example, any Σ-c-compactum or Corson com-
pactum)] of weight τ and of dimension n can be topologically embedded in UnτΣ and has (aΣ-embeddable (i.e., Corson)
compactiﬁcation of weight τ and dimension n) a Σ-c-compact extension of weight τ and dimension n;
(uni v) any Valdivia compactum of weight τ and of dimension n may be topologically embedded in vUnτ ;more exactly, if V is
a Valdivia compactum of dimension n and weight τ such that V = βX for someΣ-c-compactum X (see Proposition 1.7
and Corollary 1.8), then there exists a topological embedding eV : V → vUnτ such that eV (X) ⊂ UnτΣ and eV (V \ X) ⊂ Unτ∞ ;
(uni) any Tychonoff space of weight  τ and of dimension  n may be topologically embedded in Unτ and has a Hausdorff
compactiﬁcation of weight τ and of dimension n.
Remark 3.1. Point (uni) is a well-known result.
Problem 3.1. Has every (ﬁnite-dimensional and) (a) σ -embeddable, (b) σΣ-embeddable, (c) Σ-embeddable space X a
(a) σ -embeddable, (b) σΣ-embeddable, (c) Σ-embeddable compactiﬁcation cX with w(cX) = w(X) and dimcX  dim X?
Equivalently, is every (ﬁnite-dimensional and) (a) σ -embeddable, (b) σΣ-embeddable, (c) Σ-embeddable space
(a) bounded-σ -embeddable, (b) bounded-σΣ-embeddable, (c) bounded-Σ-embeddable, respectively?
Remark 3.2. Every n-dimensional metrizable space X has an n-dimensional Eberlein compactiﬁcation eX (with w(eX) =
w(X)) (see [10,4,3]).
The previous problem is connected with the following one.
Problem 3.2. Does there exist a compact universal element (in the sense of topological embeddings) in the classes of
(a) all σ -embeddable spaces, (ac) all σ -embeddable compacta, (b) all Σσ -embeddable spaces, (bc) all Σσ -embeddable (i.e.,
Eberlein) compacta, (c) all Σ-embeddable spaces, (cc) all Σ-embeddable (i.e., Corson) compacta of weight τ , τ > ω, and
dimension n, n ∈ {0,1,2, . . .}?
Theorem 3.2 has the following standard generalization.
Corollary 3.6 (The multistage factorization theorem for maps of arbitrary spaces to pointed Tychonoff cubes). Let Iτ =∏{(Iα = I,
0α = 0): α ∈A}, |A| = τ  ω, X be a space with dim X = n, n = 0,1, . . . , and f : X → Iτ be a map. Then there exist metrizable
compacta Ra of dimension dim Ra  n with ﬁxed points 0a, a ∈A∗ , a compactum Y ⊂ R =∏{(Ra,0a): a ∈A∗} and maps g : X → Y ,
h : Y → Iτ such that
f = h ◦ g, w(Y ) τ , dimY  n
and for:
(def σ ) σ τ = σ {(Iα,0α): α ∈A}, Xσ = f −1σ τ , Rσ = σ {(Ra,0a): a ∈A∗}, Yσ = Y ∩ Rσ ;
(def Σσ ) ((σ τ )ω = Σστ ) = Σσ {(Iα,0α): α ∈A=⋃d{Ai with |Ai| = τ : i ∈N}}, XΣσ = f −1(σ τ )ω , RΣσ = Σσ {(Ra,0a): a ∈
A∗ =⋃{(A1 ∪ · · · ∪Ai)∗: i ∈N}}, YΣσ = Y ∩ RΣσ ;
(def Σ ) Στ = Σ{(Iα,0α): α ∈A}, XΣ = f −1Στ , RΣ = Σ{(Ra,0a): a ∈A∗}, YΣ = Y ∩ RΣ ;
(def ∞) X∞ = f −1 Iτ∞ , R∞ = R \ RΣ , Y∞ = Y \ YΣ ;
(def v) v X = cl XΣ , v X∞ = v X \ XΣ ; vY = clY YΣ , vY∞ = vY \ YΣ ,
we have that:
(σ ) Yσ ⊃ gXσ , g−1Yσ = Xσ and Yσ is a σ -embeddable and σ -compact space;
(Σσ ) YΣσ ⊃ gXΣσ , g−1YΣσ = XΣσ and YΣσ is a Σσ -embeddable Lindelöf Σ-space;
(Σ ) YΣ ⊃ gXΣ , g−1YΣ = XΣ and YΣ is a Σ-c-compactum;
(∞) Y∞ ⊃ gX∞ , g−1Y∞ = X∞;
(v) vY = β(YΣ), vY ⊃ g(v X) and vY is a Valdivia compactum; vY∞ ⊃ g(v X∞);
(↑) Yσ ⊂ YΣσ ⊂ vY ⊂ Y ;
(dim,w) dimYσ  n, dim YΣσ  n, dim YΣ  n, dim vY  n; w(Yσ ) w(YΣσ ) w(YΣ) w(vY ) w(Y ) τ ;
(emb) there exists a topological embedding e : Y → Iτ such that:
(embσ ) e(Yσ ) = e(Y ) ∩ σ τ ;
(embΣσ ) e(YΣσ ) = e(Y ) ∩ (σ τ )ω;
(embΣ ) e(YΣ) = e(Y ) ∩ Στ ;
(emb∞) e(Y∞) = e(Y )∞;
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(subset) if A ⊂ X, C = clIτ f A and (a) C ⊂ σ τ or (b) C ⊂ (σ τ )ω , or (c) C ⊂ Στ , then for B = cle(Y ) e(gA), we have the
following inclusions (a) B ⊂ σ τ or (b) B ⊂ (σ τ )ω , or (c) B ⊂ Στ , respectively.
Proof. Let T be the Tychonoff functor. Then T(X) is a Tychonoff space with dimT(X) = dim X  n and there exists the onto
map TX : X → T(X) such that f = T( f ) ◦ TX . For the compactum βT(X), we have the equality dimβT(X) = dimT(X) = dim X
and there exists the continuous extension f ′ :βT(X) → Iτ of T( f ). The rest follows from Theorem 3.2. 
Corollary 3.7 (The factorization theorems for maps to σ -embeddable, Σσ -embeddable (= Eberlein), Σ-embeddable (= Corson) and
Valdivia compacta). If f is a map of a space X of dimension dim X  n, n ∈ {0,1,2, . . .}, to a σ -embeddable, or Σσ -embeddable, or
Σ-embeddable, or Valdivia compactum Z , then there exist, respectively, a σ -embeddable, or Σσ -embeddable, or Σ-embeddable, or
Valdivia compactum Y and maps g : X → Y , h : Y → Z such that f = h ◦ g, dim Y  n and w(Y ) w(Z).
Corollary 3.8 (The theorem on σ -embeddable, Eberlein, Corson and Valdivia compactiﬁcations). Let cX be a σ -embeddable, or Eber-
lein, or Corson, or Valdivia compactiﬁcation of a Tychonoff space X. Then there exists, respectively, a σ -embeddable, or Eberlein, or
Corson, or Valdivia compactiﬁcation bX of X following cX with w(bX) = w(cX) and dimbX  dim X.
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